Starting from a relativistic s-wave scattering length model for the two particle input we construct an unambiguous, unitary solution of the relativistic three body problem given only the masses m a , m b , m c and the masses of the two body bound states µ bc , µ ca , µ ab .
INTRODUCTION
Some time ago one of us made an analysis of what was then needed to "solve" the three nucleon problem [16] . The conclusions were rather discouraging. In particular, it appeared to us that the enormous effort that Tjon and his collaborators, and a number of other few body nuclear physicists, were making to obtain and use "realistic" twonucleon potential models to calculate the triton wave function and related problems were necessarily plagued by ambiguities which it would be difficult to remove. We eventually came to the conclusion that a "zero-range" or "on-shell" treatment of the problem might aid in simplifying the contact between these efforts and experiment.
Unfortunately our efforts did not lead to the desired result in the form of a unique theoretical analysis for reasons we discuss to some extent in our paper reporting this body of research [20] . The reasons are rather complicated, but can be briefly summarized by the statement that only a finite particle number relativistic scattering theory can provide the needed framework. This paper presents a relativistic scattering length model which we believe will be a practical first step toward creating such a fundamental theory.
The key to understanding how we can create a simple, soluble and unitary model for a relativistic three body system is to realize that we embed the two body subsystems in the three body space from the start. We consider two particles with invariant masses m a , m b which scatter elastically when Mandelstam variable s (square of the invariant four momentum) lies in the range (m a + m b ) 2 ≤ s ≤ M 2 th ; here M th is the total energy of the first inelastic threshold in the zero 3-momentum reference frame and k(s) is the magnitude of the momentum of either particle in this frame.
On 3-momentum and energy shell, we write s = M 2 with the conventional algebraic connections [2] to the energies of the free particles outside the elastic scattering volume:
As in our non-relativistic treatment [20] , we consider only an interaction in which no angular momentum is transferred. We also analytically continue to values of s = M 2 , keeping 3-momentum conserved as in the non-relativistic case, but using this kinematics and two-particle amplitude embedded in a multi-particle space. As was pointed out to one of us (HPN) by J.V.Lindesay [13] in commenting on an earlier version of this paper, the correct way to carry out this analytic continuation is to take
This has the effect of embedding our two-particle interaction in a multi-particle space
We were earlier led to a version of this "off shell extension" by other considerations [15] .
We are much indebted to Castillejo [6] for pointing out to us in a discussion of [15] that we had, in fact, implicitly assumed we were in a multi-particle space.
Whatever the off-shell extension, we can insure on-shell unitarity for the scattering amplitude T (s) with the normalization Im T (s) = k(s)|T | 2 in the elastic scattering region by using the scattering length formula
where γ is any finite constant. To generate a bound state pole at s = µ 2 bc we can take
bc > 0 and pick the branch in the square root defining k(s) by analytic continuation below elastic scattering threshold to insure that a pole occurs [22] . As we discuss to some extent in [20] , p.1869 and as Weinberg explored extensively in his quasi-particle approach to the three body problem [24, 25, 26] , this prescription amounts to assuming that the two particles composing the bound state are "structureless". This completes our specification of the two particle input to our three body problem.
In the next section we show that in our context this algebraic construction of onshell two body unitarity plus the algebraic form of the Faddeev equations guarantees the three body unitarity of their solution. This was not obvious to some people in the context of our previous non-relativistic analysis, which led to considerable formal complexity in the final presentation [20] . In the current context the triviality becomes manifest for the 2-2 channels below three body breakup threshold, as we show in the next section. The 3 free to 3 free, coalesence and breakup amplitudes require a more detailed analysis of the zero angular momentum kinematics than we make here.
These will be explored elsewhere [14] . The third section shows that, thanks to our simple model, we can obtain explicit formulae for the unitary scattering amplitudes which the model predicts. Our concluding section contains speculations as to where this simple result might be applied.
RELATIVISTIC THREE BODY UNITARITY

Relativistic Faddeev 2-2 channel kinematics
Our model contains three structureless particles labeled a, b, c, which taken pairwise can form three bound states (bc), (ca), (ab) whose only structure arises from these simple constituents. Although we are dealing with a relativistic system, we restrict our energies to the range which allows no particle creation; in this respect the situation is the same as in the non-relativistic three body problem, and the Faddeev [8, 9] channel decomposition can be employed. Because of this simple structure, if we start in a state with zero total 3-momentum and angular momentum, this situation will persist so long as our interactions have no internal degrees of freedom. This is true by hypothesis for the model we described in the introduction. We further assume that we start the system out with a scattering between one of the particles (which we can pick to be a) and the implied bound state pair (which will then be bc). Following Faddeev, we drop the redundant index. We distinguish the bare particles from the bound states by using the symbols m and µ for their respective masses. Then a specific scattering problem is completely specified by supplying numerical values for the following eight parameters:
The input momentum is the magnitude of the 3-momentum of particle a of mass m a in the zero momentum frame with the bound state of particles b and c of mass µ a having 3-momentum of equal magnitude but opposite direction. We call this momentum κ a
Calling the corresponding energy ǫ a and the energy of the bare particle e a fixes the exterior kinematics as follows:
If this three body system is to be embedded in a four-body space, it will have the global parameters
but we will not need to leave the three body zero momentum frame in this paper.
Given M, we can in this restricted environment immediately compute the input momenta because
x ∈ a, b, c
Thus the input momentum is not a parameter, but we still have to specify whether the input channel is a or b or c. Above three body breakup threshold (M > m a +m b +m c )
we must specify both the input and the output momenta for the "spectator" [14] .
Because we can have one or two rearrangement output channels in addition to elastic scattering in the entrance channel, the entrance channel has to be open for anything to happen, but how many output channels will then be reached introduces an asymmetry into the predictions. The next problem is to insure that these various possibilities are described by a unitary formalism.
On Shell Faddeev Equations
If we start in the a channel, the simplest thing that can happen is that the bc pair scatter without the initial spectator a being affected. These are the "disconnected diagrams" which initially caused so much trouble in analyzing the three body scattering problem, until Faddeev realized that that they could be subtracted out of the amplitude, leaving only connected diagrams. Here we call the full amplitude
We can ignore the θ−functions from now on, provided we compute only those processes allowed by the conservation laws. We call the disconnected amplitude
and define it by
where e a (M) is to be computed from Eq.5. Then the relativistic version of the "onshell Faddeev Equations" [19] for our simple pole model become
cyclic on a, b, c
Here R is the three free particle propagator, and because of our on-shell kinematics is simply a constant whose value we will determine from unitarity in the next section.
The fact that both equations define the same function is critical for time reversal invariance. That requirement was what led us to conclude [20] that our non-relativistic zero range model could not be consistently defined when the two body amplitudes contain "left hand cuts" and not just bound state or CDD [7] poles. Algebraically the fact that summing the multiple scattering series starting from either the first or the last scattering -which is what the two alternative forms of Eq.10 equation express -follows from the fact that the two forms define the same multiple scattering series.
Convergence follows if we use two-body input amplitudes which are always less than unity in absolute magnitude [14] .
Three Particle Unitarity from Two Particle Unitarity
That the unitarity of the off-shell Faddeev equations follows from the unitarity of the two body input amplitudes was shown by Freedman, Lovelace and Namyslowski [11] and independently by Kowalski[12] , who taught me the simple algebraic proof given below. The key is to write the unitarity condition on the two-body amplitude t a in the three body space as
which determines the normalization of R in terms of the normalization of t a . In order to avoid kinematic factors, it is convenient to use
so that t−t * = 2i tt * . Then R = −i provides a channel independent propagator in the three particle space. The proper thresholds for the opening of the various channels are provided by the θ−functions in Eq.8. Using the same normalization, the unitarity condition on the three body channel amplitudes it then simply
and the on-shell Faddeev equations become the algebraic equations
The proof of unitarity follows the same steps taken in [19] , Eq.'s (2)- (5), but these are now actually algebraic rather than symbolic. If in T ab we call L a = Σ b T ab and
Then the unitarity condition we wish to prove becomes
where we have separated out the term where the indices differ so that we can make use of the two body unitarity condition. This is possible because, in the current notation, we can rewrite the Faddeev equations (Eq.10) as
Consequently the equation to be proved becomes
We can now take the critical step of substituting t x − t * x for t x (R * − R)t * x and find that
where the unwanted terms vanish because F x and L * y are solutions of the Faddeev equations.
SOLUTION OF THE ON-SHELL FADDEEV EQUATIONS
In Eq.14 we have provided three algebraic equations for the three T ax . Since these are now fixed by the scattering length model, we can fix M at any value between min x∈a,b,c (m x + µ x ) (the lowest 2-2 channel threshold) and M th where, by hypothesis, particle creation becomes possible and more parameters enter the problem. Note that the divergence of the relativistic scattering length model at high energy cannot bother us because we explicitly limit ourselves to a finite energy range above elastic scattering threshold. The solution of these algebraic equations provides predictions for all elastic, rearrangement, three body breakup and 3-3 scattering cross sections over this entire kinematic region. Because of subtleties in specifying unambiguously the zero angular momentum kinematics, the general solution is not simply an inversion of a matrix, but can require a (convergent) iterative procedure. Algebraic details and parameter studies for specific systems will be presented elsewhere [14] .
The two body model used assumes that we know either the binding energy of a (single) two body bound state or the scattering length in the isolated two-particle system but not both. The failure of this connection, either by the two parameters (which can be determined by different types of experiment) being inconsistent with it, or by the departure of the predicted elastic scattering cross section in the physical region from experiment suffices to show that we must enrich the parameter content of the model. This was in fact exactly what happened historically [4] in the study of neutron-proton scattering. Precise experiments can even demonstrate the existence of pions from s-wave experiments below 10 Mev [18] . Our treatment up to this point has implicitly assumed that our six parameters m x , µ x , x ∈ a, b, c, are all consistent with known two body data over the range of interest.
When it comes to the unique predictions of our three body model, the comparison with experiment becomes richer than in the two-body case. In particular we can now predict three scattering lengths or their equivalent and compare these with low energy s-wave experiments. If any one of these fails to agree with experiment, one place to look for an explanation is to postulate a single three-body bound state. This can be included in our model by explicitly introducing an (abc) ↔ (abc) channel in addition to the three channels we started with. Then we must solve four equations for four unknowns, but no new conceptual problems arise. Since direct scattering of three free particles to three free particles is usually too difficult to measure, particularly at three body breakup threshold, we do not count this as a new piece of available experimental information. However, we now have one parameter to explain (if the bound state exists at a known mass m abc ) four experimental numbers, giving a strin-gent consistency check even using threshold data. We intend to explore consistency conditions on these parameters elsewhere.
As a significant example, particularly relevant to Tjon's oevre, the n, n and n, p singlet scattering lengths and the deuteron binding energy can be used as the three 2-2 channel parameters for the n, n, p system. Only two scattering lengths (n, d doublet and n, d quartet) are measured in addition to the binding energy of the triton.
4 a nd is well predicted while 2 a nd and ǫ t are highly correlated ("Phillips line") for reasons that can be understood from a dispersion-theoretic point of view [3] . Of course Barton and Phillips' explanation is consistent with the physics underlying our on-shell approach, so we expect our model to achieve a comparable result. In historical fact, it was their work which helped us start thinking about the usefulness of a more general approach in the first place.
It should be obvious from the treatment of the four body problem in our nonrelativistic paper [20] that the current approach can be readily generalized to relativistic four particle systems, as we intend to do on another occasion.
SPECULATIONS AND CONCLUSIONS
The example of the applicability of this model to nuclear physics given in the last section hardly begins to suggest the range of problems which we believe can profitably be explored using the approach presented here. For instance, the equivalent of the relativistic scattering length formula used here was first written down by Bohr in 1915 [5, 15] . Viewed from the current point of view, this makes the hydrogen atom a relativistic bound state of a proton and an electron. This suggests looking at the three body systems e, e, p (H − ), e, p, p (H + 2 ) and similar atomic systems using the explicit model presented in this paper.
For strong interactions, we suggest treating the deuteron as a neutron-proton-pion bound state. If we include crossing and the Fermi-Yang model for the pion [10] as a bound state of a nucleon and an anti-nucleon the usefulness of the approach for deeply bound states should become manifest. We suspect that relativistic models of quarks and quark confinement could also be attacked using these methods.
The relativistic scattering length model employed here actually arose in a study of the fine spectrum of hydrogen [15] . In conjunction with combinatorial arguments, this model leads to the Sommerfeld formula without any specific use of the concept of "spin", and to an improvement of the lowest order combinatorial calculation of the low energy fine structure constant (α e (m 2 e ) −1 = 137) by four significant figures (to 137.03596...). Similar improvement of our understanding of "bit-string-physics" [21] can be anticipated when we make use of the three and four body dynamics adumbered here. We hope that others may be induced to try these simple methods and see how far they might lead.
Because of the occasion to which this issue of Few Body Physics is dedicated, one of us (HPN) thinks it appropriate to reiterate here, as was stated long ago [17] , that the reduction of the three body problem from three to two continuous variables presented by Osborn and Noyes [23] was first, independently, developed by Ahmadzadeh and
Tjon [1] . This is yet another reminder, of which there will be many in this issue, of how continuously useful and important Prof. Tjon's dedication to our field has been.
